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Abstract
We extend our previous results on the wave propagation in a spacetime with a
linear electromagnetic spacetime relation to the most general case in which the
corresponding constitutive tensor is asymmetric. We find the corresponding
Fresnel equation governing the geometry of light rays and show that it is
always quartic in the wave covectors. The conditions for the wave covectors
to define a single or a double (birefringence) light-cone structure are discussed
and the corresponding conformal metric is constructed. le nonsym20.tex,
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1. INTRODUCTION
This paper continues the study of the metric-free electrodynamics which we have started
in [9,3,8,2]. Within this approach, the charge and flux conservation axioms manifest them-
selves in the Maxwell equations for the electromagnetic excitation and the eld strength
two-forms H and F , respectively. These equations are the same in all reference systems as
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well as in all gravitational elds. In order to develop this scheme into a predictive physical
theory, one needs a spacetime relation H = H(F ). Limiting ourselves to the linear relation
between H and F , we can eventually derive the spacetime metric from the constitutive co-
ecients [9,3]. Such a construction is based on two fundamental assumptions: The linear
operator dened by the spacetime relation is postulated to be (a) symmetric and (b) closed.
Then it is a duality operator. The closure condition is intimately related to the electric-
magnetic reciprocity, and this property appears to be physically indispensable. However,
the symmetry condition seems to be of a more mathematical nature and its physical meaning
is unclear a priori.
Here we investigate the most general linear spacetime relation when, extending [9,3,8,2],
the symmetry of the linear operator is no longer assumed. This may occur in certain
eective models of linear electrodynamics in which the eld equations do not follow from
a Lagrangian, since only the symmetric part of the constitutive tensor contributes to the
Lagrangian. With merely the closure property, a linear operator denes an almost complex
structure on the 6-dimensional space of 2-forms. We can call this a pre-duality operator.
Specically, we conne our attention to the following three questions: (i) derivation of
the Fresnel equation for the propagation of waves in the general linear theory, (ii) explicit
solution of the closure relation without a symmetry assumption, and (iii) construction, if
possible, of the spacetime metric from the corresponding almost complex structure.
Let us consider the Maxwell equations in vacuum,
dH = 0, dF = 0 . (1.1)
Thus we assume that the electric current three-form J vanishes in the spacetime region






i ^ dxj , F = 1
2
Fij dx
i ^ dxj. (1.2)
Following [9,3,8], we write the linear spacetime relation in terms of the electromagnetic
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klmn Fmn . (1.3)
Here ^ijkl is the Levi-Civita symbol with ^0123 := 1. The constitutive tensor density χ
ijkl(x),
which is an even tensor density of weight +1, can be decomposed according to
χijkl = λ(x)
o
χ ijkl + α(x) ijkl , with
o
χ [ijkl]  0 . (1.4)
The dimension of the scalar function λ(x) is such that
o
χ ijkl is dimensionless. The pseudo-
scalar function α(x) can be identied (on a kinematic level) with an Abelian axion eld,
whereas λ(x) can be interpreted as a scalar dilaton eld. In view of the symmetry properties
o
χ ijkl = − oχ jikl = − oχ ijlk, oχ [ijkl] = 0 , (1.5)
o
χijkl has 35 independent components.
2. WAVE PROPAGATION: FRESNEL EQUATION
We will study the propagation of discontinuities of the electromagnetic eld following
the lines of Ref. [8]. The surface of discontinuities S is dened locally by a function  such
that  = const. on S. Across S, the geometric Hadamard conditions are satised:
[Fij ] = 0, [∂iFjk] = qi fjk, (2.1)
[Hij] = 0, [∂iHjk] = qi hjk. (2.2)
Here [F ] (x) denotes the discontinuity of a function F across S, qi := ∂i is the wave
covector, and fij and hij are tensors describing the corresponding jumps of the derivatives
of eld strength and excitation. Combining (2.1) and (2.2) with Maxwell’s equations (1.1),
we obtain the algebraic compatibility conditions
 ijkl qj hkl = 0 , 
ijkl qj fkl = 0 . (2.3)
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These equations admit non-vanishing wave covectors qi, provided the constraints
 ijkl fij fkl = 0, 
ijkl hij hkl = 0, 
ijkl fij hkl = 0 (2.4)
are fullled.
From (1.3), (1.4), (2.1), (2.2) and assuming the continuity of the constitutive tensor






χklmn fmn + α fij . (2.5)
With these relations, the conditions (2.3) are found to be equivalent to
o
χ ijkl qj fkl = 0 , 
ijkl qj fkl = 0 . (2.6)
We note that, as in the symmetric case [8], the axion-like eld α drops out completely.
In [8], we have studied this system for the case when
o
χ ijkl has the properties of symmetry
and closure. Now we drop the symmetry assumption and, within this section, the closure
condition, too. Thus we actually deal with the most general linear spacetime relation.
Technically, the system (2.6) was analyzed in [8] in the framework of the 3-(co)vector
decomposition of the tensor of electromagnetic discontinuities fij . Here we present a dierent
derivation of the Fresnel equation by applying ideas of Tamm [10]. As a rst step, we notice
that the equation (2.6)2 is obviously solved by
fij = qiaj − qjai . (2.7)
The covector ai is clearly dened only up to a ‘gauge’ transformation ai ! ai + qi a (with
an arbitrary scalar a). This fact complicates the analysis of the equation (2.6)1 which now
reads
o
χ ijkl qjqkal = 0 . (2.8)
We can observe, however, that because of the evident identity qi
o
χ ijkl qjqkal  0, one has
o




χ ajkl qjqkal , (2.9)
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where we have assumed that q0 6= 0. The Latin indices from the beginning of the alphabet
label spatial indices a, b, c, . . . = 1, 2, 3. Consequently, out of the 4 equations (2.8), only the
3-dimensional subsystem
o
χ aijk qiqjak = 0 (2.10)
represents the independent equations, whereas the zeroth component
o
χ 0ijk qiqjak = 0 is
automatically satised by virtue of (2.9) and (2.10).
The 3 independent unknown functions can be conveniently extracted from the ambigu-




qi + li. (2.11)
By construction, it has only 3 nontrivial components la, with a = 1, 2, 3, while l0 = 0. The
newly introduced variable is invariant under the gauge transformation ai ! ai + qi a. The
physical meaning of the covector li becomes clear when we substitute it into (2.7). This
yields, in particular, f0a = q0 la which shows that li describes the electric discontinuities
[10].
We use (2.11) in (2.10) and end up with the homogeneous algebraic system of 3 equations
for the 3 independent variables:
o
χ aijb qiqj lb = 0. (2.12)
Now we introduce for the constitutive tensor
o
χ ijkl of spacetime a 3 + 3 bivector notation
similar to that of Refs. [9,3,8]. Then we can rewrite (2.12) as
(
q20Aab + q0qd
D ac cdb + Cbc cda + qeqf aecbfd Bcd lb = 0 , (2.13)
with














χ0acd ^cdb . (2.15)
5
This homogeneous system admits non-vanishing solutions for la if and only if the corre-
sponding determinant vanishes, i.e.
W := det q20 Aab + q0qd D ac cdb + Cbc cda + qeqf aecbfd Bcd = 0. (2.16)
This is the Fresnel equation which species conditions for the wave covector qi. If (2.16) is
fullled, the Maxwell equations have nontrivial wave solutions. The Fresnel equation (2.16)






a + q20qaqb M
ab + q0qaqbqc M





M := detA (2.18)
Ma := −^bcd




A(ab) (Cdd)2 + (Dcc)2 − (Ccd +Ddc)(Cdc +Dcd)
+(Cdc +Dcd)(C(adAb)c +Ac(aDdb))− CddC(acAb)c
−Ac(aDcb)Ddd −AcdC(acDdb) +
(A(ab)Acd −Ac(aAb)dBcd , (2.20)
Mabc := de(cj
Bfd(Aab)D fe −Ajf jaD b)e ) + Bdf (Aab) Cfe − CaeAb)f)
+Caf D b)e D fd +D af Cb)e Cfd
i
, (2.21)




Aab) Beg − CaeD b)g

. (2.22)
This very general Fresnel equation that we obtained is always a quartic equation in qi,
since q0 6= 0, contrary to what is claimed in Ref. [1], see also [4]. It can alternatively be
written in a covariant way, namely as










χ l)qtu . (2.24)
Note the dierent index positions in the second χ-factor as compared to the result in Ref.
[8].
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3. ALMOST COMPLEX STRUCTURE









satises the closure condition:
J 2 = −1. (3.2)
Because of (3.2), the 3 3 blocks A,B, C,D are constrained by
AacBcb + CacCcb = −δab , (3.3)
CacAcb +AacD bc = 0, (3.4)
BacCcb +D ca Bcb = 0, (3.5)
BacAcb +D ca D bc = −δba. (3.6)
We can solve this generalized closure relation. Let us construct the general non-
degenerate solution when detB 6= 0. Then we dene the matrix Kab by
K := BC. (3.7)
Substituting this into (3.5), we nd
D = −KB−1. (3.8)
Next, we straightforwardly solve (3.3) with respect to A:
A = −B−1 − B−1KB−1KB−1. (3.9)
From (3.7) and (3.9) we then have:
CA = −B−1KB−1 − B−1KB−1KB−1KB−1, (3.10)
AD = +B−1KB−1 + B−1KB−1KB−1KB−1. (3.11)
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Using (3.8), we thus conclude that (3.4) is satised. Finally, substituting (3.9) and (3.7), we
obtain:
BA = −1−KB−1KB−1, (3.12)
D2 = KB−1KB−1. (3.13)
Thus, in view of (3.8), the equation (3.6) is also fullled.
Summing up, we have derived the general solution of the closure system (3.3)-(3.6). It
reads:
A = −B−1 − B−1KB−1KB−1, (3.14)
C = B−1K, (3.15)
D = −KB−1. (3.16)
The arbitrary matrices B and K parametrize the solution which thus has 2  9 = 18 inde-
pendent degrees of freedom.
[Alternatively, one can write the solution as
A = −B−1 − C2B−1 = −B−1(1 + C2), (3.17)
B = B, (3.18)
C = C, (3.19)
D = −BCB−1, (3.20)
which is parametrized by the arbitrary matrices B and C with altogether 18 independent
components.]
4. SPACETIME METRIC
Can we construct the spacetime metric by using the new general solution for the gen-
eralized closure relation? Technically, this is equivalent to the question: Can the general
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Fresnel equation be reduced to the light-cone structure? Here we study the conditions for
such a reduction.
Let us start by introducing a convenient parametrization for an arbitrary matrix B:
Bab = B(ab) + B[ab] = bab + ^abcnc. (4.1)
Here we have split the original matrix into its symmetric and antisymmetric parts. The
symmetric part is denoted bab = bba and the antisymmetric part is represented by using the
vector nc. We can straightforwardly compute the determinant, detB = det b + n2, where
nc := bcd n
d and n2 := ncnc = babn
anb. The inverse to (4.1) reads
Bab = 1
det b + n2
(
bab + nanb − abc nc

. (4.2)
The symmetric matrix bab is the matrix of the minors of bab. If bab is non-degenerate, then
bab = bab det b, where bab denotes the inverse of bab.
Let us nd out what is qualitatively new in the asymmetric case as compared to the
previously studied symmetric case [8]. For this purpose we consider a particular solution of
the closure relation for K = 0. Consequently, C = D = 0 and A = −B−1. Then, by using
(4.1) and (4.2) in (2.17), we obtain:
W = − q
2
0




q2 det b− (qn)2 + (q2 det b + (qn)22i . (4.3)
Here we use the abbreviation (qn) := qan
a.
In general, this expression is neither a square of a quadratic polynomial nor a product of
2 quadratic polynomials. In other words, neither a light-cone nor a birefringence (double-
light-cone) structure arises generically. In order to study the reduction conditions, let us
assume that the Fresnel equation is a product of two quadratic equations for qi, i.e., the
spacetime ‘medium’ is birefringent. Accordingly, for (4.3) we make the general ansatz
W = − q
2
0
(det b + n2)
(q20 − α)(q20 − β) = −
q20
(det b + n2)

q40 − (α + β)q20 + αβ

, (4.4)
with some polynomials α and β of order 2 in qa. This implies the relations
α + β = 2
(
q2 − (qn)2 , αβ = (q2 + (qn)22 , (4.5)
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with q2 := qaqbb
ab. Since α and β enter symmetrically in (4.5), the solutions of this nonlinear














Thus, the question of the reducibility of the Fresnel equation translates into the algebraic
problem of whether the square root
p
−q2 is a real linear polynomial in qa. There are three
cases, depending on the rank of the 3 3 matrix bab.
1. When bab has rank 3, in other words, when det b 6= 0, then we can write q2 =
qaqbb
ab det b, and the general conclusion is that no factorization into light-cones is possible
(the roots α are complex), unless na = 0. This latter condition implies that the constitutive
tensor is symmetric, and the results of [9,8,2] are recovered.
2. When bab has rank 2, i.e., det b = 0, but at least one of the minors is nontrivial. Then,

















= b11b22 − b212 6= 0. (4.8)
Note that (4.7) is the most general form (up to a renaming of the coordinates) of a rank
2 matrix bab. In order to avoid complex solutions, we have to assume that the minor
b
33
= −µ2 < 0, so that p−q2 = µq3. Then (4.6) leads to
α = − q1n1 + q2n2 + q3(n3 + µ)2 , β = − q1n1 + q2n2 + q3(n3 − µ)2 . (4.9)
The interpretation is clear: we have birefringence, i.e., two light-cones. In this case, the
Fresnel equation is found to be
W = − q
2
0














3 − µ)2) . (4.10)
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Then we can read o, up to conformal factors, the components of the two corresponding




1 0 0 0
0 (n1)2 n1n2 n1(n3 + µ)
0 n1n2 (n2)2 n2n3







1 0 0 0
0 (n1)2 n1n2 n1(n3 − µ)
0 n1n2 (n2)2 n2n3




We can verify that det(gij1 ) = det(g
ij
2 ) = (n
1)2(n2)2b33 = −(n1)2(n2)2µ2 < 0, so that both
metrics have the correct Lorentzian signature.
3. When the 33 matrix bab has rank 1: In this case all the minors are zero, i.e., qab = 0,
which corresponds to the case 2 for µ = 0. We then see that the Fresnel equation reduces
to a single light-cone, but the resulting metric is degenerated, since det(gij) = 0.
5. DISCUSSION AND CONCLUSION
In this paper we have extended the earlier results [9,3,8,2] of linear pre-metric electro-
dynamics by relaxing the symmetry and closure properties of the constitutive tensor. In
the most general case of a linear spacetime relation (when both symmetry and closure are
absent), the wave propagation analysis yields the corresponding Fresnel equation which is
still of the quartic order. In particular, this result corrects claims made in [1]. We have
found the explicit expression of the fourth order tensor density (2.24) which denes the
general covariant Fresnel equation (2.23). This turns out to be essentially the same as in
the symmetric case, cf. [8].
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In Sec. 3, the general solution of the closure relation is presented for the case of an
asymmetric linear operator. Within the particular class of the asymmetric solutions of the
closure relation, the reduction of the Fresnel was analyzed in detail. We have demonstrated
that some of these solution can yield birefringence. A preliminary study of the general case
with K 6= 0 shows that the conclusions remain qualitatively the same as presented in Sec. 4.
Our results thus nalize the construction of the spacetime metric from a linear electro-
dynamic spacetime relation. The main conclusion is that the symmetry and the closure
conditions are essential for the existence of a well-dened light-cone structure. The lack of
symmetry, i.e.,
o
χ ijkl 6= oχ klij, yields, at most, birefringence or a degenerate light-cone. It
remains an open question, though, whether a spacetime relation can exist in nature which
is asymmetrical.
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